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We study the evolution of Gravitational Waves (GWs) during and after inflation as well as the
resulting observational consequences in a Lorentz-violating massive gravity theory with one scalar
(inflaton) and two tensor degrees of freedom. We consider two explicit examples of the tensor mass
mg that depends either on the inflaton field φ or on its time derivative φ˙, both of which lead to
parametric excitations of GWs during reheating after inflation. The first example is Starobinsky’s
R2 inflation model with a φ-dependentmg and the second is a low-energy-scale inflation model with
a φ˙-dependentmg. We compute the energy density spectrum ΩGW(k) today of the GW background.
In the Starobinsky’s model, we show that the GWs can be amplified up to the detectable ranges
of both CMB and DECIGO, but the bound from the big bang nucleosynthesis is quite tight to
limit the growth. In low-scale inflation with a fast transition to the reheating stage driven by the
potential V (φ) = M2φ2/2 around φ ≈ Mpl (where Mpl is the reduced Planck mass), we find that
the peak position of ΩGW(k) induced by the parametric resonance can reach the sensitivity region
of advanced LIGO for the Hubble parameter of order 1 GeV at the end of inflation. Thus, our
massive gravity scenario offers exciting possibilities for probing the physics of primordial GWs at
various different frequencies.
I. INTRODUCTION
The inflationary paradigm successfully addresses sev-
eral problems of the big-bang cosmology [1, 2]. But most
importantly it gives a unique mechanism to generate pri-
mordial cosmological perturbations that give rise to the
structure of the Universe [3, 4]. In the standard picture,
the cosmic acceleration is driven by the potential energy
of a scalar degree of freedom φ (dubbed “inflaton”). The
quantum fluctuations of the inflaton, which are stretched
over the scales greater than the Hubble radius, are the
source of the primordial scalar-type curvature perturba-
tion [3, 5]. The amplitude and the spectral index of the
scalar perturbation are now tightly constrained by the
Planck CMB measurements [6].
Besides the scalar perturbation, the tensor perturba-
tion is also generated during inflation [7]1. In the single-
field scenario with the massless tensor mode, the tensor-
to-scalar ratio r = PT (k)/PR(k) is related to the slow-
roll parameter ǫ (= −H˙/H2), as r = 16ǫ [8]. Since we
require the condition ǫ≪ 1 for realizing inflation, the am-
plitude of the tensor perturbation is smaller than that of
the scalar perturbation. The CMB observations so far
have placed only the upper bound of the tensor-to-scalar
ratio, as r < 0.11 (95 %CL) [6].
Depending on models of inflation, the values of ǫ as-
sociated with the observed CMB scale are different. In
1 Throughout this paper, by “scalar, vector, and tensor” we mean
those with respect to the symmetry of 3-space.
the so-called small-field inflation where the variation of
φ during inflation does not exceed the reduced Planck
mass Mpl = 2.435 × 1018 GeV, we have ǫ . 10−4 [9–
11]. In Starobinsky’s model [1], ǫ ∼ 10−4 [12], so it
marginally belongs to small-field inflation. The next tar-
get of CMB B-mode measurements like LiteBIRD [13]
and the ground-based Stage-4 effort [14] is the detection
of primordial GWs with r down to the order of 10−3.
There are inflationary models in which ǫ≪ 10−4, e.g.,
those arising from string theory [15]. In such models, it
is usually believed that the detection of primordial GWs
is impossible even with future high-precision CMB B-
mode measurements. However, this is not necessarily the
case if the tensor perturbation is subject to some growth
after inflation. Indeed, there are models in which the
existence of a time-dependent tensor mass leads to the
amplification of GWs during the reheating stage after
inflation [16]2.
The massive gravity scenario studied in Ref. [16], which
was originally advocated in Refs. [18, 19], is constructed
under the internal SO(3) symmetry φi → Λijφj , and
φi → φi + Ξi(φ0), where Ξi is a general function of its
argument. The tensor modes acquire a mass due to the
non-trivial vacuum expectation value of these four scalar
fields φµ = xµ. This property differs from the original
Fierz-Pauli theory [20] and its nonlinear extension [21]
2 There are also models in which the anisotropic stress of scalar
fields work as a source term for the production of GWs during
reheating [17]. In this paper, we will not consider such a scenario.
2in which the scalar field configuration respects Poincare
symmetry. The internal symmetry φi → φi + Ξi(φ0)
forbids the propagation of vector modes [18, 19], so we
are left with only three dynamical degrees of freedom:
one scalar mode and two tensor modes.3
We minimally extend our inflationary scenario by
adding this tensor mass mg into our theory, and iden-
tify the scalar mode with the inflaton scalar field φ
[16]. Since the scalar mode does not give rise to a
ghost state, our theory is free from the Higuchi bound
[22], which is always an issue in cosmology for theories
that respect de Sitter symmetry. Further we impose
the global scaling symmetry φi → λφi, which guaran-
tees the non-dynamical nature of φi in the cosmological
background [16, 23].
Generally the tensor mass mg can depend on the field
φ or its time derivative φ˙. To recover the local Lorentz-
invariance after reheating, we require that mg eventually
vanishes. The φ-dependent tensor mass leads to the para-
metric resonant amplification of GWs at the early stage
of reheating [24, 25] due to coherent oscillations of the
inflaton around the potential minimum [16].
The parametric amplification in our massive gravity
theory will give rise to several distinct observational sig-
natures in CMB and direct measurements of GWs. Even
for small-field inflation in which the slow-roll parameter
ǫ is very small, ǫ ≪ 10−4, the GWs can be amplified
to the detectable level in near-future CMB experiments
(r & 10−3). Moreover, this parametric excitation is at
work down to scales smaller than the Hubble radius at the
onset of reheating. This may offer the possibility of de-
tecting GWs in direct measurements such as Advanced-
LIGO (A-LIGO) [26] and DECIGO [27].
In this paper, we make a thorough, quantitative anal-
ysis of the parametric resonance in two typical, explicit
models of the tensor mass term. We consider small-field
inflationary models with two different forms of mg that
depends on either φ or φ˙ and compute the primordial ten-
sor power spectrum PT after the amplification as well as
the today’s energy density spectrum ΩGW(k) of the GW
background. In Starobinsky’s model with a φ-dependent
mg, we will discuss the possibility of amplifying GWs
at the detectable level in both CMB and DECIGO mea-
surements. In this model, however, the peak position of
ΩGW(k) induced by the parametric excitation of GWs
is at frequency much larger than the frequency bands of
A-LIGO.
We will also study a low-scale inflation model with a
φ˙-dependent mg. We consider an inflationary scenario
where a fast transition from a nearly flat potential to the
reheating stage driven by the potential V (φ) = M2φ2/2
3 Throughout the paper, we avoid using the terminology “gravi-
ton” for the description of our tensor modes because the graviton,
as a massive spin 2 particle, must have five propagating degrees
of freedom due to the Poincare symmetry in the Minkowskian
space-time, which is broken in our model.
occurs around φ of the order of Mpl. For the potentials
where the field value φend at the end of inflation is much
smaller than Mpl the parametric resonance is less effi-
cient, so we focus on the models with φend = O(Mpl). We
will show that, as the Hubble expansion rateHi at the on-
set of reheating gets smaller, the peak position of ΩGW(k)
shifts toward smaller frequencies. For Hi . 1 GeV, the
peak may reach the sensitivity band of A-LIGO.
This paper is organized as follows. In Sec. II, we briefly
review the Lorentz-violating massive gravity model and
present explicit forms of the tensor mass that lead to the
amplification of GWs during reheating. In Sec. III, we
derive the primordial tensor power spectrum generated
right after the end of inflation. In Sec. IV, we discuss how
the parametric resonance of GWs occurs during reheating
for two different tensor masses. In Secs. V and VI we
numerically calculate the GW power spectra after the
amplification in Starobinsky’s model with a φ-dependent
mg and in a low-scale inflation model with a φ˙-dependent
mg, respectively. In Sec. VII, we compute the today’s
power spectrum of the GW background in the two models
and discuss the possibility of detecting the GWs in direct
measurements. Sec. VIII is devoted to conclusions.
II. MASSIVE TENSOR GRAVITY AND
INFLATION
The Lorentz-violating massive gravity theory proposed
in Refs. [18, 19] contains four scalar Goldstone fields φ0
and φi respecting the internal symmetry
φi → Λijφj , φi → φi + Ξi(φ0) , (2.1)
where Ξi is a general function of its argument. The ten-
sor mass arises from the scalar fields’ non-trivial vacuum
expectation values (VEVs)
φ0 = t , φi = xi . (2.2)
At the level of lowest dimensional operators, there are
two ingredients respecting the internal symmetry [18],
X = gµν∂µφ
0∂νφ
0 , (2.3)
Zij = gµν∂µφ
i∂νφ
j − g
µν∂µφ
0∂νφ
igλρ∂λφ
0∂ρφ
j
X
, (2.4)
where gµν is the metric tensor. In the gauge where the
scalar field values are fixed at its VEVs, φµ = xµ, these
quantities reduce to X = −N−2 and Zij = hij , respec-
tively, where hij is the three-dimensional induced metric
in terms of the Arnowitt-Deser-Misner (ADM) decompo-
sition.
The above model motivates us to consider a model that
minimally modifies gravity when applied to cosmology.
We first identify φ0 with the inflaton, φ = φ0. Then we
introduce a traceless tensor constructed from Zij , as [28]
δ¯Zij ≡ Zij − 3δklZ
ikZjl
Z
, (2.5)
3where Z ≡ Zijδij , and consider the action [16, 23]
S =
∫
d4x
√−g
[
M2pl
2
R− 1
2
gµν∂µφ∂νφ− V (φ)
−9
8
M2plm
2
g
(
δ¯Zij
)2
Z2
]
, (2.6)
where R is the four-dimensional Ricci scalar, V (φ) is
the potential of the scalar field φ, mg is the tensor
mass dynamically changing in time, and (δ¯Zij)2 ≡
δikδjlδ¯Z
ij δ¯Zkl. In addition to the symmetry (2.1), the
above action has an additional global symmetry,
φi → λφi , (2.7)
where λ is a constant.4
On the flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) background described by the line-element ds2 =
−dt2 + a2(t)δijdxidxj , where a(t) is the time-dependent
scale factor, the rescaling symmetry (2.7) guarantees that
the VEVs of φi may be identified with the comoving co-
ordinates φi = xi, and φi remains non-dynamical [16, 23].
The dynamical equations of motion are given by
3M2plH
2 =
1
2
φ˙2 + V , (2.8)
2M2plH˙ = −φ˙2 , (2.9)
φ¨+ 3Hφ˙+ V,φ = 0 , (2.10)
where an overdot represents a derivative with respect to
t, H ≡ a˙/a is the Hubble parameter, and V,φ ≡ dV/dφ.
Note that the tensor mass term in the action (2.6) does
not affect the background equations of motion.
As usual, since the inflaton evolves slowly along a
nearly flat potential during inflation, Eqs. (2.8) and
(2.10) approximately reduce to 3M2plH
2 ≃ V and 3Hφ˙ ≃
−V,φ, respectively. We define the slow-roll parameter,
ǫ ≡ − H˙
H2
≃ 3φ˙
2
2V
≃ ǫV , ǫV ≡
M2pl
2
(
V,φ
V
)2
, (2.11)
which is much smaller than unity during inflation.
We assume that the tensor mass mg depends on either
φ or φ˙. For the so-called broad parametric resonance
to occur during the stage when the inflaton undergoes
damped oscillations, we require thatm2g is larger thanH
2
[25]. On the other hand, if m2g & H
2 during inflation, the
tensor perturbation is subject to strong suppression by
the heavy tensor mass (see e.g., Refs. [29]). To avoid this
suppression, we consider the case in which m2g/H
2 ≪ 1
during most stage of inflation and m2g/H
2 quickly grows
to the value larger than the order of unity around the
4 It may be noted that if m2g = m
2
g(X) and V = 0 at tree level,
the action becomes shift symmetric, φµ → φµ+constant.
end of inflation. It is possible to realize such changes for
the following two examples:
(i) m2g(φ) = λφ
2e−b(φ/Mpl)
n
, (2.12)
(ii) m2g(φ˙) = µ
φ˙2
M2pl
, (2.13)
where λ, b, n, µ are positive dimensionless constants.
For the potential with a minimum at φ = 0, the tensor
mass in the case (i) rapidly approaches 0 as the inflaton
decays to radiation. This property also persists in the
case of (ii). Hence the current observational bounds of
the tensor mass [30] can be safely satisfied for the above
two choices of m2g.
In the case (i), if inflation occurs in the region where
φ is larger than Mpl, the exponential factor in Eq. (2.12)
with b = O(1) can suppress m2g(φ) so that m2g(φ)/H2 ≪
1 during inflation. The ratio m2g(φ)/H
2 can grow with
the decrease of φ toward the end of inflation, so this
allows the possibility to realize the broad parametric
resonance driven by the oscillating tensor mass squared
m2g(φ) ≃ λφ2 around φ = 0.
In the case (ii), the ratio between m2g(φ˙
2) and H2 dur-
ing inflation can be estimated as
m2g(φ˙
2)
H2
≃ 2µǫ , (2.14)
which is smaller than unity for µǫ ≪ 1. The slow-roll
parameter ǫ grows to the order of unity by the end of
inflation, so the ratio m2g(φ˙
2)/H2 becomes larger than
unity for µ & 1 around the onset of reheating. Thus, the
broad parametric resonance can occur for µ≫ 1.
III. PRIMORDIAL POWER SPECTRA
GENERATED DURING INFLATION
We consider a linearly perturbed line-element on the
flat FLRW background, as
ds2 = −(1 + 2α)dt2 + 2a(t) (β|i + Si) dtdxi
+a2(t)
[
(1 + 2ψ)δij + 2E|ij + 2Fi|j + γij
]
dxidxj ,
(3.1)
where the subscript |i represents a three-dimensional co-
variant derivative, α, β, ψ,E are scalar metric perturba-
tions, Si, Fi are vector perturbations satisfying the trans-
verse conditions Si
|i = 0, Fi|i = 0, and γij is the tensor
perturbation obeying the transverse and traceless condi-
tions γij
|j = 0, γii = 0. Since the vector perturbation
does not propagate in our massive gravity theory due
to the internal symmetry (2.7) [16, 23], we will consider
the propagation of scalar and tensor perturbations in the
following.
4A. Scalar power spectrum
At the level of linear cosmological perturbations, the
tensor mass term on the r.h.s. of Eq. (2.6) does not
modify the dynamics of scalar perturbations. We define
the curvature perturbation, as R = ψ − Hδφ/φ˙, where
δφ is the perturbation of φ. Since δφ = 0 in the unitary
gauge (2.2), R is equivalent to ψ. The primordial power
spectrum of R generated right after the end of inflation
is given by [8]
PR = H
2
8π2ǫM2pl
∣∣∣∣
k=aH
, (3.2)
where k is the comoving wavenumber and ǫ is given by
Eq. (2.11). The power spectrum (3.2) should be eval-
uated at the Hubble horizon crossing (k = aH) during
inflation. The scalar spectral index is
ns − 1 ≡ d lnPR
d ln k
∣∣∣∣
k=aH
= −6ǫV + 2ηV , (3.3)
where ǫV is defined in Eq. (2.11), and
ηV ≡
M2plV,φφ
V
. (3.4)
From the CMB observations, the amplitude of the pri-
mordial scalar power spectrum (3.2) is constrained to be
PR ≃ 2.2× 10−9 for the perturbation which crossed the
Hubble radius about the number of e-folding N = 55 be-
fore the end of inflation [6]. This implies that the Hubble
parameter during inflation (denoted as Hinf) is expressed
in terms of the slow-roll parameter ǫ as
Hinf ≃
√
ǫ× 1015 GeV . (3.5)
Thus smaller the ǫ is, lower the energy scale of inflation
becomes.
B. Tensor perturbations
The tensor mass term in the action (2.6) gives rise to
modifications to the dynamics of the tensor perturbation.
Expanding the action (2.6) up to quadratic order in per-
turbation yields the second-order action of γij ,
S
(2)
T =
M2pl
8
∫
d4xa3δikδjl
× (γ˙ij γ˙kl + γij∇2γkl −m2gγijγkl) , (3.6)
where∇2 ≡ δij∂i∂j/a2. The resulting equation of motion
for γij in real space reads
γ¨ij + 3Hγ˙ij −∇2γij +m2gγij = 0 . (3.7)
We decompose the field γij into Fourier modes as
γij(x, t) =
∫
d3k
(2π)3/2
eik·xγˆij(k, t) , (3.8)
where k is a comoving wavenumber, and
γˆij(k, t) =
∑
s=+,×
[γ(k, t)as(k) + γ
∗(k, t)a†s(−k)]ǫ(s)ij (k),
(3.9)
with s = +,× being the two polarization states. The
polarization tensors ǫ
(s)
ij (k), which are transverse and
traceless (kjǫ
(s)
ij = δ
ijǫ
(s)
ij = 0), satisfy the normalization
δikδjlǫ
(s)
ij (k)ǫ
∗(s′)
kl (k) = δss′ . The annihilation and cre-
ation operators as(k) and a
†
s(k
′) obey the commutation
relation [as(k), a
†
s′(k
′)] = δss′δ(3)(k − k′). The primor-
dial tensor power spectrum PT (k, t) per unit logarithmic
frequency interval is given by
PT (k, t) = 2 · k
3
2π2
|γ(k, t)|2 , (3.10)
where the factor 2 in front comes from the two polariza-
tion states.
We introduce a canonically normalized field,
υij ≡ Mpl
2
γij , (3.11)
and the corresponding mode functions in the momentum
space,
υ(k, t) ≡ Mpl
2
γ(k, t) . (3.12)
Then v obeys the equation of motion,
v¨ + 3Hv˙ +
(
k2
a2
+m2g
)
v = 0 , (3.13)
or in terms of the conformal time τ =
∫ t
dt/a,
v′′ + 2Hv′ + (k2 +m2ga2) v = 0 , (3.14)
where a prime represents the derivative with respect to
conformal time, ′ = ∂/∂τ and H = a′/a. It satisfies the
Klein-Gordon normalization,
v v∗′ − v′v∗ = i
a2
. (3.15)
The mode function that satisfies the above is called a
positive frequency function.
C. Tensor power spectrum for m2g/H
2 ≪ 1
Assuming thatm2g ≪ H2 and |m˙g/(Hmg)| ≪ 1 during
inflation and adopting the de Sitter background approx-
imation, a ≃ (−Hτ)−1, which is valid as long as the
wavelength is shorter than the Hubble radius, k/a & H
(↔ k & H), the natural positive frequency function in
the limit k ≫ H is given by
v =
1√
2(k/a)a3
e−i
∫
t dt k/a =
1
a
√
2k
e−ikτ . (3.16)
5This solution is valid as long as k/H ≈ (−kτ) & 1, and
coincides with the mode function of the Bunch-Davies
vacuum in the pure de Sitter limit.
As the Universe expands and the comoving wavelength
becomes greater than the Hubble radius, k/H ≈ (−kτ) .
1, the de Sitter approximation is no longer valid. In
this case, on the other hand, the perturbation v ceases
its oscillations and the solution is given by the friction-
dominated slow-roll solution,
v ≃ C exp
[
−
∫ t m2g
3H
dt
]
. (3.17)
The constant C is determined by matching the two so-
lutions (3.16) and (3.17) at the horizon crossing time tk
characterized by k = a(tk)H(tk) (↔ k/H(τk) ≈ −kτk =
1). This leads to the solution for t > tk,
v(k, t) =
H(tk)√
2k3
exp
[
−
∫ t
tk
m2g
3H
dt
]
, (3.18)
apart from an irrelevant phase factor.
The tensor power spectrum (3.10) is then given by
PT (k, t) = 2k
2
π2M2pla
2
, for k ≫ aH , (3.19)
and
PT (k, t) = 2H
2(tk)
π2M2pl
exp
[
−
∫ t
tk
2m2g
3H
dt
]
, for k ≪ aH .
(3.20)
If m2g/H
2 remains small until the end of inflation, say
until t = tf , and its effect could be neglected after infla-
tion, the spectrum for the modes k ≪ aH becomes
PT (k, tf ) = 2H
2(Nk)
π2M2pl
exp
[
−
∫ Nk
0
2m2g
3H2
dN
]
, (3.21)
where dN = −Hdt, and Nk is the number of e-folding at
Hubble horizon crossing counted backward from the end
of inflation, Nk =
∫ tf
tk
Hdt. The spectrum index is given
by
nT ≡ d lnPT
d ln k
= −2ǫ(tk) +
2m2g
3H2
(tk) . (3.22)
The tensor-to-scalar ratio reads
r = 16ǫ(tk) exp
[
−
∫ Nk
0
2m2g
3H2
dN
]
. (3.23)
Thus the blue-tilted spectrum may be realized if
m2g/H
2 > 3ǫ at the time of Hubble horizon crossing.
However, due to the evolution of the massive tensor on
super-horizon scales, the tensor-to-scalar ratio at CMB
observation scales, Nk ≫ 1, would be substantially sup-
pressed in comparison with the massless tensor case.
FIG. 1. The physical scales of our interest at which the tensor
power spectrum changes its shape are depicted in the space-
time diagram. At t > tf the amplitude of the tensor modes
v(k, t) outside the Hubble horizon is nearly constant in time,
while the modes inside the Hubble horizon behave as ∝ a−1.
At tf < t < ti, the modes at a/k > m
−1
g evolve as a
−3/2,
while those at a/k < m−1g behave as a
−1.
D. Tensor spectrum after the transition from
m2g ≪ H2 to m2g ≫ H2 during inflation
If the tensor mass is too heavy (m2g/H
2 ≫ 1) during
inflation, the tensor perturbation is subject to strong sup-
pression. To avoid such suppression, we need m2g/H
2 ≪
1 during the most stage of inflation. For the broad para-
metric resonance to occur right after inflation, on the
other hand, the ratio m2g/H
2 must be larger than unity
at the onset of reheating. Thus, we consider the case
where the transition from the almost massless regime
m2g/H
2 ≪ 1 to the massive regime m2g/H2 ≫ 1 occurs at
the late stage of inflation, and solve the evolution of the
mode functions until the onset of inflaton oscillations.
In the following, we assume that the tensor mass sat-
isfies m2g ≪ H2 initially, gradually grows and crosses
m2g ≃ H2 at t = tf , and becomes m2g ≫ H2 until t = ti
(> tf ), where ti is the time at the onset of the oscil-
latory stage of φ. For the sake of analytical estimates,
we employ the approximation that m2g ≪ H2 at t < tf ,
m2g = H
2 at t = tf , andm
2
g ≫ H2 at tf < t < ti, which is
qualitatively valid for most of the modes of interest. For
reference, the physical scales of our interest are depicted
in Fig. 1.
First, let us consider the modes k < mg(tf )a(tf ) =
H(tf )a(tf ) ≡ k1. For these modes, since k/a≪ H ≪ mg
6for t > tf , Eq. (3.13) may be easily solved to give
v(k, t) = v(k, tf )
[
a(tf )
a(t)
]3/2 [
mg(tf )
mg(t)
]1/2
e±i
∫
t mgdt,
(3.24)
where e±i
∫
t mgdt is an abbreviation for αe−i
∫
t mgdt +
βe+i
∫
t mgdt with |α|2 + |β|2 = 1. We adopt the above
notation since the explicit values of α and β are unneces-
sary for our discussion. The value of v(k, tf ) is given by
Eq. (3.18) with t = tf . Taking into account the variation
of H from t = tk (↔ N = Nk) to t = tf (↔ N = Nf ),
it follows that H(tk) = H(tf ) exp(
∫ Nk
Nf
ǫ dN). Then, we
obtain
v(k, tf ) =
H(tf )√
2k3
exp
[∫ Nk
Nf
(
ǫ − m
2
g
3H2
)
dN
]
. (3.25)
The resulting power spectrum at the end of inflation is
given by
PT (k, ti) = PT (k1, ti) exp
[
2
∫ Nk
Nf
(
ǫ− m
2
g
3H2
)
dN
]
,
for k < k1 , (3.26)
where
PT (k1, ti) = 2H
2(tf )
π2M2pl
mg(tf )
mg(ti)
e−3Nf→i , (3.27)
and Nf→i ≡ ln[a(ti)/a(tf )
]
. Note that H(tf ) = mg(tf )
by definition.
Let us now turn to the modes in the range k1 < k < k2
where k2 ≡ mg(ti)a(ti). The highest wavenumber is set
at k = k2 because the effect of the mass term would be
negligible for the modes with k > k2 at any stage of the
Universe. For the modes k1 < k < k2 the frequency
ωk ≡
√
k2/a2 +m2g is much larger than H by the end of
inflation, so the solution to Eq. (3.13) yields
v(k, t) =
1
a3/2
√
2ωk
e±i
∫
t ωkdt . (3.28)
The perturbation in the range k1 < k < k2 crosses
k = mga at an epoch, say t = tm, where tm is in the
range tf < tm < ti. For t < tm we have k
2/a2 ≫ m2g,
so Eq. (3.28) reproduces the early-time vacuum solution
(3.16) with |v(k, t)| ∝ a−1. For t > tm we have ωk ≃ mg
and hence |v(k, t)| ∝ a−3/2 from Eq. (3.28). The result-
ing amplitude at the end of inflation is given by
|v(k, ti)| = 1
a(ti)3/2
√
2mg(ti)
, (3.29)
which leads to the highly blue-tilted spectrum
PT (k, ti) = PT (k1, ti)
(
k
k1
)3
, for k1 < k < k2 .
(3.30)
For the modes k > k2 the solution to Eq. (3.13) is given
by Eq. (3.28) with ωk ≃ k/a, so that the perturbation
evolves as |v(k, t)| ∝ a−1. The power spectrum at the
end of inflation has the scale-dependence
PT (k, ti) = 2
π2M2pl
(
k
a(ti)
)2
= PT (k2, ti)
(
k
k2
)2
, for k > k2 , (3.31)
which is smoothly matched with Eq. (3.30) at k = k2 =
mg(ti)a(ti), where
PT (k2, ti) = PT (k1, ti)
(
k2
k1
)3
=
2m2g(ti)
π2M2pl
. (3.32)
In summary, the power spectrum at the end of infla-
tion is given by Eq. (3.26) for k < k1, Eq. (3.30) for
k1 < k < k2, and Eq. (3.31) for k > k2, As clear from
the above discussion, the spectrum suffers from strong
suppression if the transition from the almost massless
stage to the massive stage takes too many e-foldings. In
Sec. V, we will confirm the above analytic estimation in
the Starobinsky model by using the tensor mass squared
(2.12).
IV. PARAMETRIC RESONANCE OF
GRAVITATIONAL WAVES DURING
REHEATING
The inflationary epoch is followed by the reheating
stage in which the inflaton field oscillates around its po-
tential minimum. If the potential has a minimum at
φ = 0, it can be expanded in the following form
V (φ) =
1
2
M2φ2 + · · · , (4.1)
where M is the inflaton mass during reheating and
the dots stand for corrections to the leading-order term
M2φ2/2.
The end of inflation depends on the form of the po-
tential V (φ) in the preceding inflationary epoch. In
chaotic inflation where the potential is exactly given by
V (φ) = M2φ2/2 [31], the field value at the end of infla-
tion can be estimated as φend =
√
2Mpl from the con-
dition ǫV = 1. In this case, the mass scale M is of the
same order as the Hubble parameter Hi at the onset of
reheating.
If we consider the potential V (φ) = V0(1− e−αφ/Mpl)2
of the so-called α-attractor model [32], the leading-order
contribution to V (φ) around φ = 0 is given by Eq. (4.1)
with M2 = 2V0α
2/M2pl. The slow-roll parameter for this
potential is ǫV = 2α
2(eαφ/Mpl −1)−2, so φend tends to be
smaller for larger α. The Starobinsky model discussed
later in Sec. V corresponds to α =
√
6/3, in which case
φend = 0.94Mpl. If α = 100, then φend = 0.05Mpl. For
7φend ≪ Mpl, it follows that Hi ≪ M . As we will see
below, for smaller φend, the broad parametric resonance
after inflation tends to be less efficient.
During reheating, the inflaton energy density finally
decays to the radiation energy density ρr. We consider
the Born decay with the friction term Γφ˙ in the inflaton
equation of motion, where Γ is a decay constant [33, 34].
On the FLRW background the dynamical equations of
motion are then given by
3M2plH
2 =
1
2
φ˙2 + V (φ) + ρr , (4.2)
φ¨+ (3H + Γ) φ˙+ V,φ = 0 , (4.3)
ρ˙r + 4Hρr = Γφ˙
2 . (4.4)
The period driven by oscillations of the massive inflaton
is characterized by the transient matter era in which the
scale factor evolves as a ∝ t2/3. At the early stage of
reheating, where the condition H ≫ Γ is satisfied, the
radiation is not yet sufficiently generated, so Eqs. (4.2)
and (4.3) reduce, respectively, to 4M2pl/(3t
2) ≃ φ˙2/2 +
M2φ2/2 and φ¨ + (2/t)φ˙ +M2φ ≃ 0. The solution to φ
compatible with these equations is given by
φ(t) ≃
√
8
3
Mpl
Mt
sin(Mt+ θ0) , (4.5)
where θ0 is an arbitrary constant. For the inflationary
models in which φend is of the order Mpl (like chaotic
inflation and Starobinsky model), the initial time ti at
the onset of reheating corresponds to ti = O(1/M). For
the models with φend ≪ Mpl (like the α-attractor with
α≫ 1), we have that Mti ≫ 1.
After the Hubble expansion rate H drops below Γ, the
solution to Eq. (4.3) changes to
φ(t) ∝ e−Γ(t−ti)/2 sin(Mt+ θ0) , (4.6)
where we used the condition Γ ≪ M . Hence the field φ
starts to decay rapidly to generate the radiation around
the time defined by tΓ ≡ 1/Γ. The reheating temperature
is estimated as [25, 35]
TΓ = 1.1g
−1/4
∗
√
ΓMpl , (4.7)
where g∗ is the relativistic degrees of freedom at tΓ.
For concreteness, let us first consider the φ-dependent
tensor mass squared given by Eq. (2.12) with b = O(1)
and n = O(1). For the models with φend . Mpl we
have b(φend/Mpl)
n . 1, so m2g(φ) can be approximated
as λφ2. Then, the coherent oscillation of inflaton leads
to the excitation of the perturbation v by the parametric
resonance. Introducing the rescaled field XT = a
3/2v in
Eq. (3.13), it follows that
X¨T +
[
k2
a2
+ λφ2e−b(φ/Mpl)
n − 9
4
H2 − 3
2
H˙
]
XT = 0 .
(4.8)
On using the solution (4.5) with θ0 = 0, we can express
Eq. (4.8) in form of the Mathieu equation
d2XT
dz2
+ [Ak − 2q cos(2z)]XT = 0 , (4.9)
where
Ak =
k2
M2a2
+ 2q − 9H
2
4M2
− 3H˙
2M2
, (4.10)
q =
2λ
3
(
Mpl
M
)2
e−b(φ/Mpl)
n
z2
, (4.11)
z =Mt . (4.12)
The broad parametric resonance occurs in the regime
where the parameter q is much larger than 1 [24, 25].
Since the Hubble parameter during reheating can be es-
timated as H2 ≃M2φ2/(3M2pl), it follows thatm2g/H2 ≃
3λ(Mpl/M)
2e−b(φ/Mpl)
n
. For the models in which φend is
of the orderMpl, we have zi = Mti = O(1) and hence the
resonance parameter q is of the similar order to m2g/H
2
at the onset of reheating (t = ti). In such cases, as long
as the condition
λ
(
Mpl
M
)2
≫ 1 (4.13)
is satisfied, both q and m2g/H
2 are much larger than 1
at t = ti. Since q decreases in proportion to t
−2, the
perturbation XT crosses many instability and stability
bands present for the system of the Mathieu equation
(4.9) [25, 36]. Even if the resonance occurs stochastically
in the expanding Universe, the rapid movement of infla-
ton around φ = 0 leads to the non-adiabatic growth of
tensor perturbations.
For the models with φend ≪Mpl we have zi = Mti ≫
1, so the parameter q is much smaller than the ratio
m2g/H
2 at t = ti. This means that, even if m
2
g grows to
a value much larger than H2 at the end of inflation, the
parametric resonance tends to be less efficient relative
to the case φend = O(Mpl). In such cases, we need to
choose a larger coupling constant λ for the realization of
the excitation of GWs similar to that for φend = O(Mpl).
During the coherent oscillation of inflaton the term
k2/(M2a2) is in proportion to t−4/3, which decreases
more slowly relative to the term 2q. If the condition
k2/(M2a2i ) > 2qi is satisfied at the beginning of reheating
(where the subscript “i” represents quantities at t = ti),
the gradient term k2/(M2a2) dominates over the other
terms in the square bracket of Eq. (4.9) and hence the
broad parametric resonance does not occur. Then, we
obtain the cut-off wavenumber
kcut
aiHi
=
√
4λ
3
Mpl
Hi
e−b(φi/Mpl)
n/2
zi
. (4.14)
The GWs with wavenumbers in the range
k . kcut , (4.15)
8are subject to the parametric amplification during re-
heating. Since e−b(φi/Mpl)
n/2 is of the order unity for
φi . Mpl, we have kcut/(aiHi) ≈
√
λ(Mpl/Hi)z
−1
i .
The broad parametric resonance ends after q drops be-
low the order of 1. The narrow parametric resonance
occurs in the instability bands ranging in the region
0.3 . q . 0.8 [25]. The end of amplification (labelled
by the subscript “e”) is characterized by the condition
qe ≃ 0.3, such that
ze ≃ 1.5
√
λ
Mpl
M
. (4.16)
The typical wavenumber k∗ associated with the para-
metric excitation of GWs corresponds to the mode
k2∗/(M
2a2e) ≃ 2qe ≃ 0.6, i.e.,
k∗
aiHi
≃ 0.8M
Hi
(
ze
zi
)3/2
. (4.17)
For the modes k > k∗, the gradient term k2/(M2a2)
starts to dominate over the resonance term 2q cos(2z)
before the end of amplification, so the parametric reso-
nance tends to be less efficient. On the other hand, the
resonance does not occur for the modes k > kcut. If
λ ≃ 10−6, M ≃ 10−5Mpl, Hi ≃ 0.5M , and zi = 1, for
example, we have k∗/(aiHi) ≃ 45 and kcut/(aiHi) ≃ 200
with ze ≃ 150.
We also consider the φ˙-dependent tensor mass squared
given by Eq. (2.13). Employing the background solution
(4.5) with θ0 = π/2, the rescaled field XT = a
3/2v obeys
the Mathieu equation (4.9) with
q =
2µ
3z2
, (4.18)
where Ak and z are defined in the same as Eqs. (4.10) and
(4.12), respectively. Compared to Eq. (4.11), there is the
correspondence µ → λ(Mpl/M)2 and e−b(φ/Mpl)n → 1.
For the models with φend = O(Mpl), i.e., zi = Mti =
O(1), the broad parametric resonance occurs for
µ≫ 1 . (4.19)
For the models with φend ≪ O(Mpl) we have zi ≫ O(1),
so the broad resonance is less efficient relative to the case
φend = O(Mpl) for the same coupling µ.
The discussion given between Eq. (4.14) and (4.17) is
valid by replacing λ with µ(M/Mpl)
2, e.g., kcut/(aiHi) =√
4µ/3(M/Hi)z
−1
i and ze ≃ 1.5
√
µ.
V. STAROBINSKY INFLATION WITH THE
φ-DEPENDENT TENSOR MASS
For the tensor mass squared given by Eq. (2.12), we
numerically compute the primordial tensor power spec-
trum at the end of reheating for the inflaton potential
V (φ) =
3
4
M2M2pl
[
1− e−
√
6φ/(3Mpl)
]2
. (5.1)
This follows from the Lagrangian f(R) = R+R2/(6M2)
after a conformal transformation to the Einstein frame
[12]. The scalar degree of freedom φ is related to the
Ricci scalar R, as φ =
√
3/2Mpl ln[1 + R/(3M
2)]. Ex-
panding the potential (5.1) around φ = 0, the leading-
order contribution corresponds to M2φ2/2.
For the potential (5.1), the slow-roll parameter (2.11)
is given by
ǫV =
4
3
[
e
√
6φ/(3Mpl) − 1
]−2
, (5.2)
so that the end of inflation (ǫV = 1) corresponds to the
field value φend = 0.94Mpl. The inflationary expansion
is realized in the regime φ & Mpl. The e-folding number
associated with the field value φ during inflation can be
estimated as
N =
1
M2pl
∫ φ
φend
V
V,φ˜
dφ˜ ≃ 3
4
e
√
6φ/(3Mpl) −
√
6φ
4Mpl
, (5.3)
where we neglected the contribution arising from φend.
Taking the dominant contributions in Eqs. (5.2) and
(5.3), we obtain the following relation
ǫ ≃ 3
4N2
. (5.4)
For N = 55, we have ǫ ≃ 2.5 × 10−4, so the Hub-
ble parameter in Starobinsky inflation corresponds to
Hinf ≃ 1013 GeV from Eq. (3.5). The other slow-
roll parameter (3.4) is approximately given by ηV ≃
−(4/3)e−
√
6φ/(3Mpl) ≃ −1/N , so the scalar spectral in-
dex (3.3) reads
ns − 1 ≃ − 2
N
, (5.5)
which is ns = 0.964 for N = 55. This value is within
the 1σ observational contour constrained by the Planck
CMB data [6].
For the massless tensor (mg = 0), the power spectrum
at the end of inflation is given by Eq. (3.21), i.e., PT ≃
2H2/(π2M2pl) with
nt ≃ − 3
2N2
, r ≃ 12
N2
. (5.6)
For N = 55 the tensor-to-scalar ratio is r ≃ 4.0 × 10−3,
which is much below the current CMB bound (r < 0.11)
[6].
For the massive tensor, the existence of the paramet-
ric resonance offers the possibility of amplifying tensor
perturbations to the detectable level in CMB measure-
ments. In the following, we will numerically compute the
primordial tensor power spectra both at the onset and
the end of amplification. Since φend is of order Mpl, we
identify the onset of reheating as ti = 1/M .
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FIG. 2. The primordial tensor power spectra at the onset
of reheating (t = ti) for the potential (5.1) with M = 1.3 ×
10−5Mpl. Each curve corresponds to (i) the massless tensor
(m2g = 0), (ii) the tensor mass squared (2.12) with n = 2,
b = 4, λ = 5× 10−7, and (iii) the tensor mass squared (2.12)
with n = 1, b = 4, λ = 5 × 10−7. The suppression of GWs
induced by the heavy tensor mass during inflation tends to
be less significant for larger values of n and b.
A. Tensor power spectrum at the onset of
reheating
We start to integrate the tensor perturbation
Eq. (3.14) from the N = 64 e-folding before the end
of inflation. The initial condition for the mode functions
deep inside the Hubble horizon is given by Eq (3.16). In
Fig. 2, we show the primordial tensor power spectrum
just after the end of inflation for three different tensor
masses.
For the standard massless tensor, which corresponds to
the case (i) in Fig. 2, the power spectrum of GWs which
crossed the Hubble horizon before the end of inflation
(k . ki ≡ aiHi) is given by PT ≃ 2H2/(π2M2pl), while,
for k & ki, it is given by the spectrum (3.31) with the
scale-dependence PT ∝ k2.
The plot (ii) in Fig. 2 is the tensor power spectrum at
t = ti for the tensor mass squared (2.12) with n = 2,
b = 4, and λ = 5 × 10−7. In this case, the tensor
mass is in the regime m2g . H
2 during most of the in-
flationary epoch. The transition to the regime m2g & H
2
rapidly occurs just before the end of inflation (with the
e-folding number Nf→i = 0.7), so the suppression fac-
tor exp(−3Nf→i) in Eq. (3.26) is of order 0.1. In this
case, the wavenumber k1 discussed in Sec. III D cor-
responds to k1 ≃ e−Nf→iki ≃ 0.5ki. For the modes
k ≪ k1, the numerically derived power spectrum is nearly
scale-invariant, whose property is consistent with the
analytic result (3.26). As estimated from Eq. (3.30),
the power spectrum has the dependence PT ∝ k3 for
k1 ≪ k . k2 ≃ 105/2ki. In the numerical simula-
tion of Fig. 2, there is an intermediate regime around
0.5ki < k < 5ki in which the power spectrum has the
scale-dependence PT ∝ kn with 0 < n < 3. The highly
blue-tilted spectrum PT ∝ k3 arises for k & 5ki. For the
modes k & k2 ≃ 105/2ki, the scale dependence changes
to PT ∝ k2 according to Eq. (3.31).
In the case (iii) of Fig. 2, the power n in the tensor
mass is smaller than that in the case (ii), so the period
of the regime m2g & H
2 during inflation is longer. Hence
the perturbations with the wavenumber k . 10−5/2ki are
subject to stronger suppression. In this case, the power
spectrum is given by Eq. (3.30) for the modes 10−5/2ki .
k . 105/2ki and by Eq. (3.31) for the modes k & 10
5/2ki.
These results show that the suppression of PT tends
to be smaller for m2g(φ) undergoing a faster transition
from the region m2g . H
2 to the region m2g & H
2 . This
corresponds to the choice of larger values of n and b in
Eq. (2.12).
B. Tensor power spectrum after inflaton decay
During reheating, the tensor perturbation is subject
to the broad parametric amplification for the coupling
constant λ satisfying the condition (4.13). For concrete-
ness of our discussion, in this subsection we consider the
model parameters λ = 4.8 × 10−7, M = 1.3 × 10−5Mpl,
n = 2, and b = 2. In Fig. 3, we plot the evolution of the
power spectrum PT for these model parameters.
The mode which crossed the Hubble horizon at N = 55
e-folding before the end of inflation corresponds to the
perturbation associated with the observation of CMB
temperature anisotropies. As we see in Fig. 3, this large-
scale tensor mode is temporarily nearly frozen after hori-
zon crossing (k < aH) and then it starts to decrease
when the tensor mass squared becomes comparable to
H2 during inflation. In spite of the decrease of PT by a
factor of O(10−6) by the end of inflation, the parametric
amplification of GWs during reheating enhances PT by a
factor of O(108), resulting in the final enhancement fac-
tor of O(102). For larger λ, the peak value of PT after
the amplification (q ≃ 0.3) generally increases.
In Fig. 3, we also show the evolution of PT for the
mode which crossed the Hubble horizon at the N = 16
e-folding before the end of inflation. The evolution of PT
during inflation and reheating is similar to that for the
mode with N = 55.
The modes that crossed the Hubble radius a few e-
folding (N . 5) before the end of inflation, namely those
in the range k1 < k < ki, exhibit different evolutionary
behavior to the larger-scale modes. They are not subject
to the strong suppression during inflation as discussed in
Sec. III D. Then, the peak values of PT reached for these
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FIG. 3. Evolution of the tensor power spectrum in Starobin-
sky inflation with M = 1.3 × 10−5Mpl for the tensor mass
squared (2.12) with λ = 4.8 × 10−7, n = 2, and b = 2. The
three curves correspond to the modes which crossed the Hub-
ble radius atN = 55, 16, 3 e-folding before the end of inflation,
respectively.
small-scale perturbations are larger than those for the
modes which crossed the Hubble horizon earlier (N & 5),
see Fig. 3 for N = 3. Numerically, we also studied the
evolution of GWs for smaller-scale modes (k & ki) and
confirmed that the parametric resonance occurs for the
wavenumber k < kcut = O(102ki).
In Fig. 3, we find that the power spectra PT start to de-
crease after reaching their peak values. This comes from
the fact that the inflaton coherently oscillates according
to Eq. (4.5) up to the time tΓ ≃ 1/Γ. For ti < t < tΓ, we
take the time average of the tensor mass squared over os-
cillations, such that 〈m2g(φ)〉 ≃ 〈λφ2〉 ≃ 4λM2pl/(3M2t2).
Provided that 〈m2g(φ)〉 dominates over the gradient term
k2/a2, Eq. (3.13) reduces to
v¨ +
2
t
v˙ +
4λM2pl
3M2t2
v ≃ 0 , (5.7)
where we used the fact that the scale factor evolves as
a ∝ t2/3 for ti < t < tΓ. The solution to this equation is
given by
v ∝ t−1/2±iΩ , (5.8)
where Ω = (48λM2pl/M
2 − 9)1/2/6 > 0 under the condi-
tion (4.13), i.e., λM2pl/M
2 ≫ 1. So the amplitude of GWs
decreases as |v| ∝ t−1/2. Thus, for large-scale modes sat-
isfying the condition k2/a2 < 〈m2g(φ)〉 until the time tΓ,
the amplitude of PT decreases as 〈PT 〉 ∝ t−1 after reach-
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FIG. 4. The tensor power spectra at t = 102ti and t = 10
4ti
for the potential (5.1) withM = 1.3×10−5Mpl in the presence
of the tensor mass squared (2.12) with λ = 4.8× 10−7, n = 2,
and b = 2. We also show the spectrum at the onset of reheat-
ing (t = ti). After the amplitude of perturbations reaches
the maximum around the time t ≃ 80ti, it decreases until the
moment tΓ at which the inflaton decays to the radiation.
ing its peak value. This behavior is confirmed in the
numerical results shown in Fig. 3.
For small-scale modes, it happens that the gradient
term k2/a2 (∝ t−4/3) gets larger than 〈m2g(φ)〉 (∝ t−2)
during the time interval ti < t < tΓ. The time tk at which
k2/a2 becomes equivalent to 〈m2g(φ)〉 can be estimated as(
tk
ti
)2/3
≃ 3λ
(
Mpl
M
)2(
ki
k
)2
. (5.9)
For example, forM = 1.3×10−5Mpl and λ = 4.8×10−7,
we find tk ≃ 800ti for k = 10ki. During the time in-
terval ti < t < tk the amplitude of GWs decreases as
〈PT 〉 ∝ t−1, while, for t > tk, 〈m2g(φ)〉 gradually be-
comes negligible relative to the term k2/a2. Provided
that 〈m2g(φ)〉 ≪ k2/a2 the power spectrum evolves as
〈PT 〉 ∝ a−2 ∝ t−4/3, thus decreasing faster than that
during ti < t < tk.
In Fig. 4, we plot the tensor power spectra at three
different epochs (t = ti, 10
2ti, 10
4ti) for the same model
parameters used in Fig. 3. The modes which crossed the
Hubble horizon before the onset of reheating are subject
to the suppression during inflation, but the parametric
resonance leads to the growth of PT with a factor of
O(108) by the time tmax ≃ 80ti (at which PT reaches
the maximum value). The spectrum of the modes k .
k1(≈ 0.3ki) is nearly scale-invariant after the parametric
amplification. The GWs with the wavenumber ki . k .
11
102ki have the highly blue-tiled spectrum (3.30) at the
onset of reheating (t = ti). These modes are excited
by the parametric resonance, but the perturbations with
the wavenumber k > kcut ≈ 102ki are not subject to the
amplification. The power spectrum PT (k) at t = 102ti
has a peak around k ≃ 40ki. For the modes k & 102ki,
the gradient term k2/a2 dominates over m2g(φ), so the
power spectrum at t = 102ti has the dependence PT ∝
k2.
In summary, during the time interval tmax < t < tΓ,
the amplitude decreases as 〈PT 〉 ∝ t−1 for the modes
k2/a2 ≪ 〈m2g(φ)〉, while 〈PT 〉 ∝ t−4/3 for the modes
k2/a2 ≫ 〈m2g(φ)〉. This behavior can be confirmed by
comparing the two spectra at t = 102ti and t = 10
4ti
shown in Fig. 4. Depending on the time tΓ after which
φ decreases exponentially and hence m2g becomes com-
pletely negligible in Eq. (3.13), the amplitude of today’s
GW power spectrum is different (as we will discuss in
Sec. VII). We regard PT (tΓ) as the primordial tensor
power spectrum at which the super-horizon tensor per-
turbations (k/a < H) are frozen. For t > tΓ the GW
evolves as a massless field, i.e., PT (t) = constant for
k/a < H and 〈PT (t)〉 ∝ a−2 for k/a > H [37].
The power spectrum PT (tΓ) tends to be smaller if
we choose smaller values of Γ. If the inflaton decay
occurs at the time 102ti in the numerical simulation
of Fig. 4, then PT (tΓ) is of order 10−9 for the modes
k . ki. This case is excluded from the Planck CMB
bound PT (tΓ) < 2.4× 10−10 [6]. For tΓ = 104ti the am-
plitude of PT (tΓ) for large-scale modes is of order 10−11,
so this case is consistent with the CMB measurements.
For the coupling λ used in Fig. 4, the decay constant is
constrained to be Γ . 10−3M ≃ 10−8Mpl. It is possible
to realize a larger maximum value of PT if we choose a
larger λ, in which case the upper bound on Γ constrained
from CMB tends to be smaller.
The peaks of PT (k) appearing in Fig. 4 affect today’s
energy density spectrum ΩGW of the GW background. In
Sec. VII, we will explicitly compute ΩGW for the model
discussed above.
VI. LOW-SCALE INFLATION WITH THE
φ˙-DEPENDENT TENSOR MASS
In this section, we study the low-scale inflationary sce-
nario in which the slow-roll parameter ǫ is much smaller
than 10−4 during most stage of inflation. As an explicit
example, we consider a very flat potential V (φ) ≃ V0 for
φ & Mpl and then the rapid transition to the potential
V (φ) =
1
2
M2φ2 , (6.1)
occurs around φ ≈ Mpl. This type of transition often
arises in the context of string inflation [15]. We consider
the φ˙-dependent tensor mass squared (2.13) to discuss
the dynamics of GWs during inflation and reheating.
We consider the case in which the field value at the
end of inflation for the potential (6.1) is determined by
the condition ǫV = 1, i.e., φend =
√
2Mpl with φ˙
2
end =
(2/3)M2M2pl. The Hubble parameter Hi at the onset of
reheating (t = ti) obeys the relation 3M
2
plH
2
i = φ˙
2
end/2+
M2φ2end/2, and hence
Hi ≃ 2
3
M . (6.2)
The Hubble parameterHinf related to the observed CMB
temperature anisotropies can be regarded as the same
order as Hi, so Eq. (3.5) gives the following estimate
M ≈ √ǫ × 1015 GeV . (6.3)
For inflation satisfying the condition ǫ≪ 10−4, the mass
scale M is much smaller than 1013 GeV with the tensor-
to-scalar ratio r = 16ǫ≪ 10−3. For the massless tensor,
there is almost no hope for the detection of primordial
tensor modes in both CMB and direct detection measure-
ments of GWs, but this is not the case for the massive
tensor.
In this section, for concreteness, we adopt the model
parameters µ = 1.523 × 104 and M = 108 GeV, which
gives φend = O(Mpl). We note, however, that it is
also possible to realize low-scale inflation with φend ≪
Mpl, in which case Hi ≪ M . In fact, the potential
V (φ) = V0(1− e−αφ/Mpl)2 of the α-attractor model leads
to φend ≪ Mpl for α ≫ 1. As we discussed in Sec. IV,
however, the broad parametric resonance tends to be
less efficient for such smaller values of φend. We need
to choose a larger coupling µ to realize the parametric
resonance comparable to the case φend = O(Mpl), but
in such cases the ratio m2g/H
2 ≃ 2µǫ during inflation
gets larger. This leads to the earlier entry to the massive
regime m2g > H
2, so the GWs are subject to stronger
suppression during inflation. Hence we will focus on the
low-scale inflation where the transition to the reheating
stage given by the potential (6.1) occurs around φ ≈Mpl.
In this case, we can identify the time ti at the onset of
reheating as zi =Mti = 1.
From Eq. (4.18) the resonance parameter q is much
larger than 1 at t = ti for the coupling µ ≫ 1, in
which case the broad parametric resonance occurs by the
coherent oscillation of the inflaton around φ = 0. In
low-scale inflation the slow-roll parameter ǫ during in-
flation is very much smaller than 1, so even the large
coupling with µ ≫ 1 allows one to satisfy the condition
m2g/H
2 = 2µǫ ≪ 1. Since ǫ rapidly grows from a tiny
value to unity during a very short period around the end
of inflation, it is possible to avoid the suppression of GWs
induced by the growth of m2g.
We recall that, for the modes k < k1, the tensor
power spectrum at the end of inflation is estimated as
Eq. (3.26). Since m2g/H
2 and ǫ are much smaller than 1
during most stage of low-scale inflation, the power spec-
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trum at t = ti reduces to
PT (ti) ≃ 2H
2
i
π2M2pl
mg(tf )
mg(ti)
e−3Nf→i
≃ 3.4× 10−8ǫCMB mg(tf )
mg(ti)
e−3Nf→i , (6.4)
where we have employed the approximations that H(tf )
is equivalent to Hi and that the exponential factor in the
second line of Eq. (3.26) equals to 1. Note that ǫCMB is
the slow-roll parameter associated with the perturbation
relevant to the CMB observations. There is the suppres-
sion factor e−3Nf→i in Eq. (6.4). As long as inflation ends
shortly after m2g crosses H
2, the suppression induced by
the massive tensor is not so significant. For ǫ ≪ 10−4
the initial power spectrum (6.4) is much smaller than
the order of 10−12, but the oscillating tensor mass makes
it possible to amplify the GWs to the detectable level of
CMB observations.
The power spectrum at t = ti for the modes k1 < k <
k2 is given by Eq. (3.30), where k1 may be expressed as
k1
aiHi
=
a(tf )H(tf )
aiHi
≃ e−Nf→i , (6.5)
where we used the approximation H(tf ) ≃ Hi. For
the modes k > k1, we numerically integrate Eq. (3.13)
by using the initial condition (3.28) at t = ti. As for
the modes k < k1, since they are amplified with the k-
independent growth rate from the initial scale-invariant
spectrum (6.4), the shape of the spectrum remains the
same as the original one, that is, it is almost scale-
invariant.
In Fig. 5, we plot the evolution of PT from the end of
inflation for three different values of k, for the assumed
values of the parameters, µ = 1.523 × 104 and M =
108 GeV. In this case, the suppression factor e−Nf→i is
equal to 0.1, so that the wavenumber (6.5) is given by
k1/(aiHi) = 0.1, i.e., k1 = 0.067M by setting ai = 1. In
this case, the slow-roll parameter ǫCMB is of order 10
−14
from Eq. (3.5) and the tensor mass grows to the value of
order mg/Hi =
√
2µ = O(102) by the end of inflation.
From Eq. (6.4) we see that the power spectrum for the
modes k < k1 is as small as PT (ti) ≈ 10−27 at the onset
of reheating.
As we see in Fig. 5, the power spectrum PT for the
mode k = k1 = 0.067M is subject to a strong amplifica-
tion from the initial value of order 10−27 to the maximum
value of around 10−9. Analogous to Eq. (4.16) the end of
amplification can be estimated as Mte ≃ 1.5√µ ≃ 180,
which is in good agreement with the numerical results
shown in Fig. 5. The power spectrum starts to decrease
after reaching its maximum value around t = tf . This is
attributed to the fact that the tensor mass squared av-
eraged over oscillations evolves as 〈m2g(φ˙2)〉 ∝ t−2 up to
the time tΓ = 1/Γ. For the wavenumbers satisfying the
condition k2/a2 < 〈m2g(φ˙2)〉 until t = tΓ, PT decreases in
proportion to t−1. For t > tΓ the inflaton decays to the
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FIG. 5. Evolution of the tensor power spectrum during re-
heating in low-scale inflation with M = 4.1 × 10−11Mpl =
108 GeV for the tensor mass squared (2.13) with µ =
1.523 × 104. We integrate Eq. (3.13) from the onset of re-
heating (ai = 1) with the initial conditions φi =
√
2Mpl and
φ˙i = −
√
2/3MMpl. Each curve corresponds to the evolution
of PT for k = 0.067M , 3.341M , and 16.75M , respectively.
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FIG. 6. The tensor power spectrum at t = 103/M in low-
scale inflation with the tensor mass squared (2.13) for the
same model parameters used in Fig. 5.
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radiation, so the effect of the tensor mass on the evolution
of PT becomes negligible.
For the wavenumbers in the range k1 < k < k2, the
power spectrum at t = ti is given by Eq. (3.30). Pro-
vided that the condition k2/a2i ≪ µφ˙2i /M2pl is satisfied,
these modes are amplified by approximately the same
factor as those in the range k < k1. Hence the shape
of the initial blue-tilted spectrum PT (ti) ∝ k3 remains
the same, and the resulting amplitude of GWs starts
to increase for k larger than k1. Indeed, the numeri-
cal result given in Fig. 5 shows that the maximum value
of PT reached for k = 3.34M is larger than that for
k = k1 = 0.067M . For the wavenumber k & 10M , the
parametric excitation of GWs tends to be less efficient,
see the evolution of PT for the mode k = 16.75M in
Fig. 5. The parametric resonance does not occur for the
modes k2/a2i > µφ˙
2
i /M
2
pl, which translates to the condi-
tion k & kcut ≈ √µM ≈ 102M .
In Fig. 6, we plot the power spectrum PT (k) at t =
103/M for the same values of µ and M as those used in
Fig. 5. As explained above, PT (k) starts to increase for
the modes k > k1 = 0.067M and it reaches the peak value
around k = 3.3M . There is a sharp drop-down of PT (k)
for the modes k & 10M . As we discussed in Sec. VB, the
final amplitude of PT (k) depends on the time when the
inflaton decays to radiation. If the decay occurs earlier
(later) than t = 103/M , the resulting amplitude of GWs
tends to be larger (smaller) than PT (k) shown in Fig. 6.
VII. SPECTRUM OF THE GRAVITATIONAL
WAVE BACKGROUND
In this section, we compute the spectrum of the GW
background generated in two models discussed in Secs. V
and VI. The intensity of the GW background is conven-
tionally defined as
ΩGW ≡ 1
ρc
dρGW
d ln k
, (7.1)
where ρc = 3M
2
plH
2 is the critical density of the Universe
and ρGW is the energy density of GWs [38, 39]. The GW
intensity can be expressed as [35, 40, 41]
ΩGW(k, t) =
1
12
(
k
aH
)2
PT (k, t) , (7.2)
where PT (k, t) is defined by Eq. (3.10).
After the inflaton decays to radiation at t = tΓ, the
GWs evolve as the standard massless tensor perturba-
tion. For the modes outside the Hubble radius (k < aH)
at time tΓ, the tensor perturbation is frozen until the sec-
ond horizon crossing (labelled by “sh”). After the sec-
ond horizon crossing, the GWs evolve as v ∝ a−1e±ikτ .
Hence the present power spectrum PT (k, t0) is related to
the one at time tΓ, as
PT (k, t0) = PT (k, tΓ)
(
ash
a0
)2
, (7.3)
where the subscript “0” denotes today’s value. In the
Universe where the scale factor evolves as a ∝ tp, with p
being a constant, the scale factor at the second horizon
crossing has the k-dependence ash ∝ kp/(p−1). For the
primordial power spectrum PT (k, tΓ) with the spectral
index n˜t, i.e., PT (k, tΓ) ∝ kn˜t , today’s intensity (7.2) of
the GW background has the k-dependence,
ΩGW(k, t0) ∝ kn˜t+2+2p/(p−1) . (7.4)
Hence ΩGW(k, t0) ∝ kn˜t in the radiation era (p =
1/2) and ΩGW(k, t0) ∝ kn˜t−2 in the matter era (p =
2/3). For n˜t = 0, we have the scale-invariant spectrum
ΩGW(k, t0) ∝ k0 for p = 1/2 and the red-tilted spectrum
ΩGW(k, t0) ∝ k−2 for p = 2/3, respectively. The exis-
tence of peaks in PT (k, tΓ) seen in Figs. 4 and 6 should
give rise to specific features in ΩGW(k, t0) (as we will
discuss below).
The position of peaks in PT (k, tΓ) is related to the
wavenumber ki = aiHi which crossed the Hubble radius
at the end of inflation. Assuming that the entropy be-
fore the inflaton decay is conserved in the photon and
neutrino background today (temperature T0), the scale
factor aΓ at time tΓ is given by [35, 42]
aΓ = a0
(
11
43
g∗
)−1/3
T0
TΓ
, (7.5)
where TΓ is the reheating temperature given by Eq. (4.7).
During the time interval ti < t < tΓ, the energy density
of the Universe decreases as ρ ∝ a−3, so we have ai =
aΓ(ρΓ/ρi)
1/3, where ρi ≃ 3M2plH2i and ρΓ = π2g∗T 4Γ/30.
On using the fact that today’s temperature is T0 ≃ 9.64×
10−32Mpl, the frequency fi = ki/(2π) = aiHi/(2π) can
be estimated as
fi ≃ 3.0× 1010
( g∗
106.75
)−1/12( Hi
Mpl
)1/3 (
Γ
Mpl
)1/6
Hz
= 3.0× 1010
( g∗
106.75
)−1/12( Hi
Mpl
)1/2 (
Γ
Hi
)1/6
Hz.
(7.6)
One observes that fi can become very small and falls in
the A-LIGO band for a very small Hi, say Hi/Mpl ∼
10−18. In the following, we assume that the relativistic
degree of freedom is equivalent to g∗ = 106.75 at t = tΓ.
A. Starobinsky inflation
In the Starobinsky model with the massless tensor, the
tensor-to-scalar ratio r is of the order 10−3 at the CMB
scale, which is much below the current observational
bound (r < 0.11). On the other hand, the parametric
resonance induced by the massive tensor may make it
possible to detect the GWs in CMB measurements.
In Fig. 7, we plot today’s spectral energy density ΩGW
versus the frequency f in Starobinsky inflation with the
14
W
G
W
10-19 10-13 10-7 0.1 105 1011
10-21
10-17
10-13
10-9
10-5
0.1
SKA
LISA
A-LIGO
DECIGO
BBN
SRI
f @HzD
FIG. 7. Today’s spectral energy density ΩGW of the GW
background versus the frequency f = k/(2pi) in the Starobin-
sky model with the φ-dependent tensor mass squared (2.12)
for M = 1.3 × 10−5Mpl, λ = 4.785 × 10−7, n = 2, and b = 2.
We also show the sensitivity curves for DECIGO [27], up-
graded DECIGO [43], A-LIGO [26], LISA [44], SKA [45], and
SRI [46], together with the upper bound from the BBN [47].
For a recent BBN status report, see, e.g., Ref. [48]. Each line
corresponds to the case in which the inflaton decay to the
radiation occurs at t = 102/M (red) and t = 104/M (blue).
φ-dependent tensor mass squared (2.12) for M = 1.3 ×
10−5Mpl, λ = 4.785 × 10−7, n = 2, and b = 2. In this
case, the tensor power spectrum PT relevant to the CMB
grows to the amplitude 7 × 10−10 around the time t =
102/M . The top (red) line in Fig. 7 corresponds to the
case in which the inflaton decays to the radiation at time
t = 102/M . The decay constant in this case is given
by Γ = 10−2M with Hi ≃ 0.3M , so we have fi ≃ 3 ×
107 Hz from Eq. (7.6). Since the primordial spectrum
PT (k) at t = 102/M has a peak around k = 40ki, this
structure is inherited to ΩGW(f, t0) with the peak around
the frequency f = 40fi ≃ 109 Hz.
Although the peak position of ΩGW(f, t0) is at a fre-
quency much higher than the ranges relevant to the de-
tection sensitivities of A-LIGO and DECIGO, we find
there is a range of frequencies around f = 0.1 Hz in
which the theoretical line is within the DECIGO de-
tection range. The GWs around f = 0.1 Hz are the
ones from the nearly scale-invariant primordial pertur-
bations whose horizon re-entry occurs in the radiation
era, so ΩGW(f, t0) is almost scale-invariant around those
frequencies.
For the decay constant Γ = 10−2M , the maximum
value of ΩGW(f, t0) exceeds the upper bound constrained
from the Big Bang Nucleosynthesis (BBN) [47]. In the
following, we will explain how the BBN places bounds
on the GW amplitude in considerable detail. Neutrinos
contribute to the energy density of radiation, and their
energy density is written using the effective number of
neutrinos Nνeff as ρν = (7/8)(4/11)
4/3Nνeff ργ , where ργ is
the energy density of photons. The GW contribution to
the radiation energy density at the time of BBN can be
effectively described by Neff = N
ν
eff +N
GW
eff with
NGWeff =
8
7
(
g∗,s(T = 1 MeV)
g∗,s(T0)
)4/3
ρGW,0
ργ,0
=
h2
5.6× 10−6
∫
d(ln f) ΩGW(f), (7.7)
where g∗,s is the effective number of degrees of free-
dom for entropy and we adopted the standard values
g∗,s(T0) = 3.91 and g∗,s(T = 1 MeV) = 10.75. In
the second step, we have used the definition of ΩGW
in Eq. (7.1) and today’s density parameter of pho-
tons Ωγ,0 = ργ,0/(3M
2
plH
2
0 ) ≃ 2.47 × 10−5h−2, where
H0 = 100 h km s
−1 Mpc−1 is today’s Hubble expansion
rate. Thus, using the upper limit Neff < 3.2 and the
standard prediction of the effective number of neutrinos
Nνeff = 3.045 [49], we can obtain the upper limit on the
GW amplitude as [39, 47]
∫ 1010Hz
10−10Hz
d(ln f) ΩGW(f) <
5.6× 10−6
h2
(Neff −Nνeff)
< 1.9× 10−6 , (7.8)
where the reduced Hubble constant h ≃ 0.6763 [50] has
been used in the second line.
For smaller Γ, the overall amplitude of ΩGW(f, t0) de-
creases with the shift of the peak position toward smaller
frequencies, see the blue line in Fig. 7 for the decay con-
stant Γ = 10−4M . Provided that Γ < 10−4M , the model
with the coupling λ = 4.785 × 10−7 is within the BBN
bound. For such a decay constant, the theoretical line is
below the sensitivity region of DECIGO. For smaller λ
the parametric resonance is less efficient, so the resulting
amplitude of ΩGW(f, t0) gets smaller. In such cases, the
BBN constraint can be satisfied for larger Γ. However, to
satisfy the BBN bound, the model with n = 2 and b = 2
seems to predict the value of ΩGW(f, t0) too small to be
in the DECIGO sensitivity region. There may be some
cases with different values of n and b in which the theo-
retical line is within the DECIGO detection range while
satisfying the BBN bound, but the parametric resonance
is typically too efficient to give rise to a sharp peak which
overshoots the BBN upper limit.
B. Low-scale inflation
In low-scale inflation discussed in Sec. VI, the ten-
sor power spectrum relevant to CMB measurements is
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FIG. 8. ΩGW versus f in low-scale inflation with the φ˙-
dependent tensor mass squared (2.13). The sensitivity curves
of GW experiments are the same as shown in Fig. 7. Each
line corresponds to the models with (i) M = 108 GeV,
µ = 1.523 × 104, k1 = 0.067M , tΓ = 103/M (red), and (ii)
M = 1 GeV, µ = 4.78 × 104, k1 = 0.067M , tΓ = 103/M
(blue).
very small at the end of inflation, but the parametric
resonance driven by the tensor mass squared (2.13) can
amplify the GWs to PT larger than 10−10. Moreover,
since the Hubble parameter Hi at the onset of reheating
and the decay constant Γ are much smaller than those
in Starobinsky inflation, the frequency fi relevant to the
peak position of ΩGW shifts toward smaller values.
In Fig. 8, we plot today’s GW background spectrum
ΩGW(f, t0) for M = 10
8 GeV and Γ = 10−3M with
the coupling µ = 1.523 × 104 (red line), which are the
same model parameters as those for Figs. 5 and 6. For
Hi ≃ 2M/3 as estimated in Eq. (6.2), the frequency
formula (7.6) gives fi ≃ 5 × 104 Hz. Since the peak
wavenumber of PT (k) shown in Fig. 6 is k ≃ 5ki, the
associated frequency at the maximum of ΩGW(f, t0) is
given by f = O(105) Hz. In this case, the peak ampli-
tude is marginally consistent with the BBN bound. The
peak position is outside the detection range of the current
ground-based GW measurements, but the predicted am-
plitude reaches the sensitivity curve of DECIGO around
the frequency f = 0.1 Hz.
There is a proposed detector design called the Syn-
chronous Recycling Interferometer (SRI) [46] aiming to
detect GWs at high frequencies around 106 Hz < f <
108 Hz. If the SRI reaches the sensitivity region below
the BBN bound plotted in Fig. 8, then we have the pos-
sibility to test our massive gravity scenario in low-scale
inflation with 108 GeV . M . 1012 GeV.
In Fig. 8, we also show ΩGW(f, t0) for M = 1 GeV and
Γ = 10−3M with the coupling µ = 4.78× 104 (blue line).
In this case, the frequency formula (7.6) gives fi ≃ 5 Hz
with the peak wavenumber k ≃ 5ki. This means that
the spectrum is peaked at the frequency f = O(10) Hz.
For the coupling µ used in Fig. 8, the maximum value of
ΩGW(f, t0) is 1.3 × 10−8 at f = 50.2 Hz, which satisfies
the latest A-LIGO bound ΩGW(f, t0) < 1.7×10−7 in the
band 20 Hz < f < 86 Hz [51]. This case is within the
sensitivity region of the A-LIGO measurement. Thus
there is a possibility for detecting the primordial GWs
in the near future. The theoretical line is also on the
verge of the DECIGO sensitivity curve. For increasing µ
the amplitude of ΩGW(f, t0) gets larger, so the present
A-LIGO measurement places the upper bound µ . 5 ×
104 for M = 1 GeV. Thus, in low-scale inflation with
M = O(1) GeV, it is possible to probe the physics of the
massive tensor modes in direct GW measurements.
VIII. CONCLUSIONS
In this paper, we studied the signature of the massive
gravity theory in which the oscillating tensor mass during
reheating after inflation gives rise to the parametric am-
plification of the primordial tensor perturbation. For the
theory described by the action (2.6), the vector modes
do not propagate due to the internal symmetry (2.7). As
a result, we are left with one scalar and two tensor prop-
agating degrees of freedom with a time-dependent tensor
mass. We identify the scalar degree of freedom as an
inflaton field.
For the broad parametric resonance to occur during
reheating, the tensor mass mg needs to be much larger
than the Hubble expansion rate H . On the other hand,
we require the condition m2g ≪ H2 to avoid the strong
suppression of massive GWs in the preceding inflationary
epoch. This was made possible in our Lorentz-violating
theory because it is free from the Higuchi bound, m2g >
2H2 [22]. We proposed two explicit forms of m2g satis-
fying these two requirements, see Eqs. (2.12) and (2.13).
These requirements imply the existence of a transition
from the regimem2g . H
2 to the regimem2g & H
2 around
the end of inflation.
In Sec. III, we analytically estimated the tensor power
spectrum PT (k) at onset of reheating by considering the
transition of m2g during inflation. In Sec. IV, we derived
conditions for the occurrence of parametric resonance
and typical wavenumbers k associated with the ampli-
fication of GWs.
In Sec. V, we considered the Starobinsky model with
the φ-dependent tensor mass squared (2.12) and numer-
ically computed PT (k) both at the onset and end of
the amplification stage. As we see in Fig. 2, the large-
scale GWs relevant to CMB observations have a nearly
scale-invariant spectrum at the end of inflation, whereas
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the small-scale modes which were inside the Hubble ra-
dius during reheating have a highly blue-tilted spec-
trum. The parametric resonance leads to the amplifica-
tion of GWs up to a cutoff wavenumber, Eq. (4.15) (see
Fig. 3). The resulting power spectrum PT (k), which is
plotted in Fig. 4, has a sharp peak around the wavenum-
ber k = O(10)ki. For the modes satisfying the condi-
tion k2/a2 < m2g, the amplitude of GWs decreases as
〈PT 〉 ∝ t−1 after reaching its maximum. This decrease
continues until the time tΓ at which the inflaton decays
to radiation. For t > tΓ, the tensor perturbation behaves
as in the standard massless case. Thus the final ampli-
tude of the GW spectrum varies with the time tΓ. The
later the time tΓ is, the smaller the amplitude becomes.
In Sec. VI, we studied low-scale inflation with the
φ˙-dependent tensor mass squared (2.13). We consid-
ered a scenario in which the slow-roll parameter ǫ rel-
evant to the CMB observations is much smaller than
10−4 and assumed a rapid transition to the potential
V (φ) = M2φ2/2, Eq. (6.1), to occur around φ ≈ Mpl.
In such models, the power spectrum PT at the beginning
of reheating is very small, but the parametric resonance
driven by the massive tensor can amplify GWs to the de-
tectable level of CMB observations (see Fig. 5 for the case
M = 108 GeV). This mechanism is at work even for very
low-scale inflation with the mass like M = 1 GeV. The
GWs can be efficiently amplified up to the wavenumber
kcut of order 10ki where PT (k, τΓ) is peaked (see Fig. 6).
We note that, in a low-scale inflationary scenario where
the transition to the potential V (φ) =M2φ2/2 occurs for
φmuch smaller thanMpl, the parametric resonance tends
to be less efficient relative to the model studied in our pa-
per for the same coupling constant µ. On the other hand,
if we consider a much larger µ, one may be able to make
the parametric resonance efficient again. However, this
will rather generally lead to extremely strong suppression
during inflation unless one fine-tunes the behavior of φ˙2
near the end of inflation. Such a case may be possible in
models with a waterfall transition, but it is beyond the
scope of the present paper.
In Sec. VII, we computed today’s energy density
spectrum ΩGW(f, t0) of the GW background in both
Starobinsky inflation and low-scale inflation. The peak
frequency fi of ΩGW(f, t0) is given by the formula (7.6).
In the Starobinsky model, the peak is at around f =
109 Hz, which is much larger than the frequencies rele-
vant to the current direct GW measurements (see Fig. 7).
There is a range of frequencies around f = 0.1 Hz in
which the massive gravity scenario in Starobinsky infla-
tion can reach the sensitivity curves of DECIGO and up-
graded DECIGO, but the BBN bound is quite tight to
limit the significant amplification of GWs during preheat-
ing.
Before concluding the paper, let us recapitulate a cou-
ple of intriguing possibilities. One is the case of very
low-scale inflation. Since Hi and Γ in low-scale infla-
tion can be much smaller than those in Starobinsky in-
flation, the peak of ΩGW(f, t0) may appear at a much
lower frequency. For the model parameters M = 1 GeV
and Γ = 10−3M , the peak of ΩGW(f, t0) reaches the sen-
sitivity curve of A-LIGO, see Fig. 8.
The other is the possibility of high frequency GW ob-
servations. If a future high frequency (106 Hz < f <
108 Hz) GW detector like SRI can improve the sensitiv-
ity below the BBN bound, it will offer the possibility for
testing our massive gravity scenario in low-scale inflation
with 108 GeV . M . 1012 GeV.
In conclusion, what is really exciting is that the ex-
istence of the time-dependent tensor mass in the early
Universe can be potentially probed not only by CMB
measurements but also by direct GW measurements at
many different frequencies. Thus our massive gravity
model provides an ideal target for the multi-frequency
gravitational wave astronomy in years to come.
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